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We study the thermodynamics of spherically symmetric, neutral and non-rotating black holes in
conformal (Weyl) gravity. To this end, we apply different methods: (i) the evaluation of the specific
heat; (ii) the study of the entropy concavity; (iii) the geometrical approach to thermodynamics
known as thermodynamic geometry ; (iv) the Poincaré method that relates equilibrium and out-of-
equilibrium thermodynamics. We show that the thermodynamic geometry approach can be applied
to conformal gravity too, because all the key thermodynamic variables are insensitive to Weyl scaling.
The first two methods, (i) and (ii), indicate that the entropy of a de Sitter black hole is always in
the interval 2/3 ≤ S ≤ 1, whereas thermodynamic geometry suggests that, at S = 1, there is a
second order phase transition to an Anti de Sitter black hole. On the other hand, we obtain from
the Poincaré method (iv) that black holes whose entropy is S < 4/3 are stable or in a saddle-point,
whereas when S > 4/3 they are always unstable, hence there is no definite answer on whether such
transition occurs.
I. INTRODUCTION
Following Bekenstein’s [1] and Hawking’s [2] pioneering
work on black holes (BHs), their thermodynamic proper-
ties have attracted an enormous interest, ever since. On
the other hand, in recent years, an alternative theory of
gravity, known as Conformal Gravity (CG) (see, e.g., the
review [3]), has been proposed as a viable solution of the
dark matter/dark energy puzzle. According to this the-
ory, dark matter and dark energy can be understood as
an artefact, due to the attempt to describe global physi-
cal effect in purely local galactic terms.
Here we study BH thermodynamics in CG. We do so
by employing various methods, as, e.g., Thermodynamic
Geometry (TG) [4–8], that is also a very active area of
research by itself. Below we show that such approach can
fruitfully be applied also in CG, an interesting result in
its own right.
Our focus here is on stability and phase transitions.
Hawking first suggested [2] that the Schwarzschild BH is
thermodynamically unstable, due to its negative specific
heat, for which the more the BH emits, the hotter be-
comes. Subsequent work shows that other BHs in 3+1
dimensions, such as Kerr, Reissner-Nordström and Kerr-
Newmann, are unstable, i.e. the entropy is a concave
function. As we shall see, it is not clear whether this
condition is sufficient to characterize the stability of non-
extensive systems, like BHs.
Currently, two are the main approaches to have BHs
with positive specific heat. The first is to lower dimen-
sions to 2+1, hence to consider the Bañados-Teitelboim-
Zanelli (BTZ) solution there [9]. The other way is to
include a negative cosmological constant, Λ < 0, that is
to have asymptotically Anti de Sitter (AdS) spacetimes
rather than flat Minkowski [10].
Relation between stability and positive values of the
specific heat holds only for extensive systems [11]. How-
ever, BH are not extensive objects, their entropy scales
as the area, not the volume, hence stability is not re-
lated to the concavity of the entropy function. Stability
of this kind of systems need be studied with a different
criteria, named Poincaré (or turning point) method [12],
that holds for a generic out-of-equilibrium entropy, and
requires only that equilibrium is reached in an extreme
point [13–19]. The peculiarity of gravitating systems, in
this respect, is that the algebraic sign (±) of the thermo-
dynamic quantities is not an indicator of stability. On the
other hand, a change of sign is correlated to a change of
stability. This analysis is not always compatible with the
conclusions based on the concavity of the entropy. For
example, the Poincaré method does not predict instabil-
ity for the Schwarzschild or Kerr BHs [19].
In addition to stability, phase transitions in BHs are
of great interest. Important examples are the Hawking-
Page phase transition [10], the AdS/CFT correspondence
and its relation to deconfinement at finite temperature in
gauge theories. A simple way to study BH phase transi-
tions is to employ the TG proposed by Ruppeiner. TG is
based on the definition of a metric in the thermodynamic
space [4–8]
gTGµν ≡ −
∂2S
∂Xµ∂Xν
.
where S is the entropy, while Xµ ∈ (E,P,N, · · · ), with
E energy, P pressure, N number of particles, etc.. This
way, critical phenomena are related to distinctive signs
of the scalar curvature, RTG, obtained from such metric:
RTG = 0 means a system made of noninteracting compo-
nents, while for RTG < 0 such components attract each
other, and for RTG > 0 repel each other. Moreover, RTG
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2diverges in a second order phase transition as the corre-
lation volume, while it appears to have a local maximum
at a crossover, as happens in quantum chromodynam-
ics [20–23].
TG has been tested in many different systems: phase
coexistence for helium, hydrogen, neon and argon [24],
for the Lennard-Jones fluids [25, 26], for ferromag-
netic systems and liquid-liquid phase transitions [27];
in the liquid–gas-like first-order phase transition in dy-
onic charged AdS BH [28]; in quantum chromodynam-
ics (QCD) to describe cross-over from Hadron gas and
Quark-Gluon-Plasma [20–23]; in the Hawking-Page tran-
sitions in Gauss–Bonnet–AdS [29], Reissner-Nordstrom-
AdS and the Kerr-AdS [30]. A list of results have been
obtained by applying TG to BHs [31–41].
Our paper is organized as follows. We shall first briefly
review the basic ideas of CG and of BHs in CG in Sec-
tion II. We shall then introduce Ruppeiner’s TG in Sec-
tion. III, while Section IV offers a discussion about sta-
bility in extensive and non-extensive systems. Section V
is devoted to the main results of this paper, that is the
study of the stability and phase transitions of the (A)dS
Schwarzschild BH in CG. Our comments and conclusions
are in Section VI. The paper is closed by two Appendices,
devoted to the details of some computations.
II. BH THERMODYNAMICS IN CG
Let us start by recalling what is Weyl symmetry, as this
will help us to clarify the general set-up, and to identify
the theory of gravity we are actually investigating. A
scaling of the distance
‖x‖2 ≡ gµνxµxν → Ω2‖x‖2 (1)
can be obtained in two ways
xµ → Ω xµ and gµν → gµν (2)
or
xµ → xµ and gµν → Ω2gµν . (3)
In both cases the matter fields Φi, when present, trans-
form as
Φi(x)→ ΩdΦΦi(x) , (4)
where dΦ is their scale dimension.
The two scalings are equivalent in practise, but not
in spirit. The second way to transform are the Weyl
transformations. They turn a spatiotemporal transfor-
mation (acting on xµ) into a field/internal transforma-
tion (acting on gµν), hence something that, when Ω(x),
one could gauge in the usual way, i.e., by improving stan-
dard derivatives (e.g., ∂µφ, for Φi ≡ φ, a scalar field) to
covariant derivatives (e.g., ∂µ → ∂µ + dφWµ) with the
Weyl-gauge field transforming as Wµ → Wµ − ∂µ ln Ω.
On this see [42], and also [43].
The latter reference tells the history of this idea, that
actually is the first historical example of what we nowa-
days call gauge theory. As recalled there, Weyl’s first
attempt to propose a theory of gravity based on this
symmetry was not taken seriously by Einstein (nor other
scientists of that time). Over the years, though, the role
of Weyl symmetry in gravity had a resurgence, starting
from the work of Deser, Jackiw and Templeton in 2+1
dimensions in [44], implicitly as part of a larger theory,
then more explicitly as a separate subject, again in 2+1
dimensions in [45] (where the term “conformal gravity”
is first used), and later in 1+1 dimensions in [46]. On
the other hand, a dilaton-improved Einstein-Hilbert ac-
tion in 3+1 dimensions, that enjoys Weyl symmetry, is
employed in [47] to study the thermodynamics of BHs.
There too such theory is called conformal gravity.
For us, CG (which we may as well call Weyl gravity)
is a theory of gravity in 3+1 dimensions, enjoying Weyl
symmetry, whose action is [3, 48–51]
IW = αW
∫
d4x
√
|g| CµνρσCµνρσ , (5)
where
Cλµνρ = R
λ
µνρ +
1
6
R
(
gλνRµρ − gλρRµν
)−
− 1
2
(
gλνRµρ − gλρRµν − gµνRλρ + gµρRλν
) (6)
is the Weyl tensor, expressed in terms of the Riemann
tensor, Rλµνρ, and its contractions, the Ricci tensor, Rµν
and the scalar curvature, R.
In dimensions n > 3, under Weyl transforma-
tions: Cλµνρ → Cλµνρ (that, from Cλµνρ(η) = 0, gives
Cλµνρ(Ω
2η) = 0), which, together with gµν → Ω2gµν ,
and gµν → Ω−2gµν , gives Cλµνρ → Ω−6Cλµνρ and
Cλµνρ → Ω2Cλµνρ, while
√|g| → Ωn√|g|. With these
IW → Ωdα+n−4IW , (7)
where αW → ΩdααW (recall that dnx does not scale [62]).
This means that dα = 4 − n, i.e., for n = 4, our case,
αW is dimensionless. From a different perspective, since
[Cλµνρ] = [L]
−2 (recall that [gµν ] = 1), then, in units
c = 1 = h¯, [αW ] = [L](4−n), that is again the same
result.
Variation of the action (5) with respect to gµν gives
the Euler-Lagrange equations for the theory, called Bach
equations in vacuum (no matter)
gµαgνβ√|g| δIWδgαβ = 2 αW Wµν = 0 , (8)
where the Bach tensor is defined as
Wµν = W
(2)
µν −
1
3
W (1)µν , (9)
with
W (1)µν = 2 gµνR
;β
;β − 2 R;µ ;ν − 2 RRµν +
1
2
gµνR
2 , (10)
3W (2)µν =
1
2
gµνR
;β
;β +R
;β
µν ;β −R βµ ;ν;β −R βν ;µ;β
− 2 RµβR βν +
1
2
gµνRαβR
αβ ,
(11)
where, as usual, •;µ ≡ ∇µ•, indicates the covariant
derivative.
The complete and exact vacuum solution is a static,
spherically symmetric geometry given by [49]
ds2 = −f(r) dt2 + dr
2
f(r)
+ r2 dω2S2 , (12)
where r is the radial coordinate, and dω2S2 is the line
element of the 2-sphere S2. All other static, spherically
symmetric line elements are conformal to (12). The func-
tion f(r) takes the form [48–50]
f(r) = c1 + c2 r +
c3
r
+ c4 r
2 , (13)
where c1, c2, c3 and c4 are four integration constants, of
which only three are independent, due to the constraint
c21 = 3 c2 c3 + 1 , (14)
imposed by Bach equations. Indeed, since all information
is contained in W rr, which only involves derivatives up
to third order. In a static geometry W 0r is identically
zero, while other terms are obtained through the Bianchi
and trace identities [49].
The event horizon is found in the usual way, by solv-
ing f(rh) = 0. We do not deem useful to show the com-
plicated general solution here, but we shall discuss the
particular cases of interest, when they appear.
A. Comparison with standard gravity
We need now to understand which aspects of interests
change, and which do not change in this picture, as com-
pared to standard gravity of the Einstein kind (includ-
ing a cosmological constant). Our concerns are (a) the
integration constants c1, ..., c4, that need be associated
to BH thermodynamic variables, such as mass, volume,
pressure, etc.; (b) the BH temperature; (c) the BH en-
tropy, that plays a crucial role in TG.
(a) First, notice that four scales have appeared in (13),
and we are soon going to identify them with scales known
from Einstein gravity, such as, e.g., the cosmological con-
stant. This is quite a different story, tough. In the non-
conformal case, one starts off with an action that indeed
has the scale. Hence, clearly, this scale is found in the so-
lutions. Here such scales are dynamically generated, i.e.,
they only appear when the Euler-Lagrange equations are
solved. Since such equations identify the field configura-
tions that minimize the action functional (Hamilton prin-
ciple), this amount to fix a specific minimum, identified
by a specific set of constants. On the other hand, confor-
mal/Weyl symmetry is at work also on-shell. Therefore,
the scale fixing is only apparent, and, in a way reminis-
cent of the spontaneous breaking of symmetry: all config-
urations obtained Weyl-transforming the solution in (13)
are solutions too. Notice that this is an entirely classical
phenomenon.
Enthalpy, evaluated as the Noether charge correspond-
ing to the time-like Killing vector for (12), is [52]
H = αW
[
c2 (c1 − 1)
6
− c3 c4
]
. (15)
We observe that, if in (13) one sets
c1 ≡ 1 , c2 ≡ 0 , c3 ≡ −η , c4 ≡ −Λ
3
, (16)
the line element (12) is an (A)dS line element, with [10],
f(r) = 1− η
r
− Λ
3
r2 , (17)
where η in Einstein gravity is 2MG, while Λ plays the
role of the cosmological constant. Immediately, one sees
that the dimensions are not the same here, as compared
to Einstein gravity, essentially due to the lack of the
Newton constant G here, with [G] = [L]2. In fact,
while here [η] = [L] matches [MG] = [L] of Einstein
gravity, the same cannot be said of M itself, for which
[M ] = [L]−1 6= [η] = [L] (mismatch of [L]2). Similarly,
here [Λ] = [L]−2, just like in Einstein gravity, nonethe-
less, when one computes the associated pressure, say it P ,
according to Einstein gravity one finds P ∼ Λ/G, hence
[P ] = [L]−4 (again a mismatch of [L]2). Nonetheless, if
one considers that, as we shall see, the variable playing
the role of the volume here (we call it Γ below) is such
that [Γ] = [L], rather than [V ] = [L]3 of Einstein gravity
(mismatch of [L]2), we see that a proper “PdV ” can be
included in our thermodynamic analysis as “(−Λ)dΓ” (on
the sign, see below).
(b) As for the Hawking temperature, although its re-
lation with the “mass” is clearly modified by the new
settings, as explained above, its structure is insensitive
to conformal/Weyl transformations. This is an old, and
quite general result proved in [53], based on the fact that
a conformal/Weyl invariant surface gravity, κW , of a con-
formal Killing horizon can be found to agree with the
surface gravity, κ, of the Killing horizon. The latter is
proportional to the Hawking temperature in the usual
way, T = κ/2pi = κW /2pi, where the last equality is the
result. More recently, this was applied to certain (2+1)-
dimensional systems, to show how an ultra-static met-
ric can still have interesting conformal Killing horizons,
hence, an associated Hawking phenomenon [54, 55].
Let us then evaluate the Hawking temperature accord-
ing to
T =
1
4pi
[
df(r)
dr
]
r=rh
=
r2h − (3 c3 + c1 rh)2
12 pi c3 r2h
, (18)
4and stress that this expression is invariant under Weyl
transformations, T → T .
(c) The last, and most important point to discuss is
the BH entropy, that is central to the analysis we want
to perform, based on TG. One could be tempted to use
the Bekenstein formula for it
SB =
1
4G
AΣ , (19)
as sometimes done in the literature, see, e.g., [47], for
similar theories that are different from the one we deal
with here, as explained earlier here. There AΣ is the area
of the event horizon Σ.
If this entropy is used, we have immediately two issues.
First, we have no scale G in our theory here. Second,
the area must respond to Weyl transformations, hence,
recalling that out of this entropy we need to construct a
metric in the thermodynamic space of TG, such metric
would scale too.
Both problems are solved at once if one considers that
this is not Einstenin gravity, and a generalization of
Bekenstein entropy to gravity theories other than Ein-
stein’s is indeed available. Such generalization was dis-
covered by Wald in [56], and it is based on the Noether
charge associated to diffeomorphisms, that are generic
translations. In this approach, the expression for the en-
tropy is the integral of the Noether potential over the
BH’s bifurcation surface [56], or any arbitrary slice of a
Killing horizon [57] (so that the formula applies to BHs
other than the eternal stationary, including those formed
through a dynamical process in the past). For a recent
discussion see, e.g., [58].
The explicit formula is [56] [58]
S = −2pi
∫
Σ
d2x
√
h µνρσ
δL
δRµνρσ
, (20)
where µν = 1/‖x‖2(xµxν −xνxµ) is the normal bivector
to the arbitrary slice of the Killing horizon Σ, identified
by (r = rh, and t = const.) (note that µνµν = −2),
with induced metric hαβ , whose determinant is h. The
formula applies to theories with Lagrangian density
L(Rµνρσ,∇λRµνρσ,∇(λκ··· )Rµνρσ,Φi,∇λΦi,∇(λκ··· )Φi),
that, in general, includes the matter fields, Φi, that also
may contribute to the entropy.
When L = 1
16piG
R, then δL/δRµνρσ =
1
32piG
(gµρgνσ − gνρgµσ), hence
S = − 1
16G
∫
Σ
d2x
√
h µνρσ(g
µρgνσ − gνρgµσ)
=
1
4G
∫
Σ
d2x
√
h =
1
4G
AΣ = SB . (21)
That is, for Einstein theory the two entropies coincide
(due to δΛ/δRµνρσ = 0, this is true also in the case of a
nonzero cosmological constant).
In our case, though, the two entropies differ, and the
Wald entropy is clearly
S = −4piαW
∫
Σ
√
h dΣCµνλρ µνλρ . (22)
The first thing we notice is that this entropy is invari-
ant under Weyl scaling, as it must be. Indeed, Cµνλρ →
Ω−6Cµνλρ, whereas
√
h → Ω2√h, and µν → Ω2µν (re-
call that xµ → Ω2xµ and ‖x‖ → Ω‖x‖). Altogether,
S → Ω2Ω2Ω2Ω−6S = S.
Writing in explicitly the Weyl tensor evaluated for the
geometry (12) with (13), one obtains [52, 60]
S =
4piαW
6
(
1− c1 − 3 c3
rh
)
. (23)
where Σ ≡ S2, is the two sphere, so that we have the
factor 4pi.
A note on the coupling αW is now in order. Putting
the choice (16) into (23), one finds that the entropy is
positive only if
αW c3 < 0 . (24)
Since in Einstein gravity η = 2MG2 > 0, the Einstein-
Schwarzschild limit (c1 = 1 and c2 = 0) also requires
c3 < 0. Therefore, to have a positive entropy in the
Schwarzschild limit, the coupling constant αW must be
positive. Moreover, from eq. (15) the entalphy of a
Schwarzschild BH is positive if αW c3 c4 < 0, that is
c4 > 0 (i.e Λ < 0), and negative otherwise.
The enthalpy, the temperature, and the entropy in
Eqs. (15), (18), and (23) are evaluated geometrically.
However, they have a clear thermodynamic meaning.
Moreover, in Weyl gravity the cosmological constant
arises as a parameter of the solution rather than as a
fixed parameter of the theory and thus it is natural to
treat it as a potential.
B. Thermodynamics
According to the previous discussions and since there
are three independent integration constants in (13), the
first law of BH thermodynamics is given by
dH = T dS + Ψ dΞ + Γ d(−Λ) , (25)
where the thermodynamic potentials
Ξ ≡ c2 , Λ = −3 c4 (26)
and the variables [52]
Ψ =
αW
6
(c1 − 1) , Γ = −αW
6
c3 , (27)
have been defined.
Without loss of generality, we set αW = 1/(2pi) (for
αW < 0 one has to change the sign of the rescaling also,
5S-, r-
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Figure 1: S as a function of ΓT from eq. (28): if the entropy
is greater than 1/3 the solution is given by S+ and r+, oth-
erwise by S− and r−. In bold we indicate the only physically
acceptable values with ΓT > 0.
S → −2pi αW S, in the next equations in order to have a
positive entropy, but in this case one can study dS BHs
only, see Appendix B).
By writing eqs. (18) and (23) in terms of the thermo-
dynamic variables, one finds that the entropy depends
only on the temperature, T , and on Γ,
(3 S − 1)2 = 1 + (12pi)2 Γ T , (28)
and the two solutions, S+ and S−, are
S± =
1±
√
1 + (12pi)
2
ΓT
3
= −4 pi Ψ + 12 pi Γ
r±
, (29)
where the last equality is due to the Wald formula of
eq. (23), with 1/r± solutions of eq. (18), i.e.
1
r±
=
1 + 12 pi Ψ±
√
1 + (12pi)
2
Γ T
36 pi Γ
. (30)
Therefore, the event horizon, rh, is given by
rh =

r− , for S−
r+ , for S+
. (31)
Note that S− < 1/3, while S+ > 1/3 ∀ΓT .
It is useful to stress that the two branches, (S+, r+) and
(S−, r−), should be considered completely independent.
From now on, the sign + or - indicates the specific branch.
The expressions of Λ, H and Ξ as a function of T , Γ and
Ψ are in app A.
However, the entropy as a function ofH, Λ and Ξ (both
for (S−, H−,Λ−,Ξ−) or (S+, H+,Λ+,Ξ+)) is solution of
the some equation
Λ±
[
(1− S±) S2± + 32 pi3 Ψ(H±,Λ±,Ξ±)3
]2
=
= −12 pi2 H2±
[
(S± − 1) S2±+
+ 16 pi2 Ψ(H±,Λ±,Ξ±)2 (1 + 4 pi Ψ(H±,Λ±,Ξ±))
]
,
(32)
where Ψ(H±,Λ±,Ξ±) can be evaluated by reversing the
Smarr relation [52],
H± = Ψ Ξ± − 2 Λ± Γ , (33)
together with
Ξ± = −2 Ψ (1 + 6 pi Ψ)
3 Γ
. (34)
From now on, the subscript “±” is not shown when the
expression is valid for both sets (S−, H−,Λ−,Ξ−) and
(S+, H+,Λ+,Ξ+). Moreover, when S < 1/3, what fol-
lows refers to the branch S = S−, whereas when S > 1/3,
the results are for S = S+.
We study the Schwarzschild (A)dS BH limit, i.e. the
solution with (c1, c2) = (1, 0), or equivalently, with
(Ψ,Ξ) = (0, 0), for which the equation (32) becomes
Λ S2 (S − 1) + 12 pi2 H2 = 0 . (35)
According to eq. (35), Λ < 0 when S > 1 and Λ > 0 if
0 < S < 1. Therefore, AdS BHs have entropy larger than
1 and positive H, the dS BHs have entropy 0 < S < 1,
and H < 0.
On physical grounds, one can only consider the so-
lution S+ with ΓT positive. Indeed, looking at the
Schwarzschild limit, Ψ = 0, of eq. (30) one finds that Γ
must be always positive in order to have a positive event
horizon r±. Thus for entropy 0 < S < 2/3 the temper-
ature is negative for positive “volume” Γ. The solutions
are plotted in fig. 1.
Let us summarize the previous results for the (A)dS
Schwarzschild BHs as follows:
• BHs with entropy 0 < S < 2/3 have negative tem-
perature T , and we do not study them, as we see
no physical reason for T < 0 in a classical scenario;
• excluding the branch T < 0 means, at once, that a)
at T = 0 the BH has a relic entropy, S = 2/3, and
b) no value of the allowed T corresponds to several
values of S (see [59]);
• BHs with entropy 2/3 < S < 1 have positive Γ,
T and Λ (they are dS BHs), but have negative en-
thalpy, H < 0, because sg(H) = −sg(αW Γ Λ);
• BHs with entropy S > 1 have positive Γ, T and H,
but have Λ < 0 (they are AdS BHs).
6III. RUPPEINER METRIC
In the Gaussian thermodynamic fluctuation theory
(see sec. IV), the probability of fluctuations away from
the equilibrium configurations of a given system turns
out to be [5–8]
dP ∝ exp
{
−∆`
2
2
}
dX1 · · · dXn , (36)
where Xµ are the usual variables describing the state of
the system, i.e. Xµ ∈ (E,P,N, · · · ), where E is the
energy, P is the pressure, N is the number of particles,
etc. and
∆`2 = gTGµν ∆X
µ ∆Xν , (37)
with
gTGµν ≡ −
∂2S
∂Xµ∂Xν
. (38)
Here ∆Xµ = Xµ−Xµ0 , represent fluctuations of the state
variables from an equilibrium configuration, Xµ0 .
Consequently, the thermodynamic space can be
equipped with a metric, gTGµν , with a clear physical mean-
ing: it measures the distance between two states of the
system and, through eq. (36), it quantifies the probabil-
ity of fluctuation between them. The farther the states
are, the less likely they are to fluctuate.
In Ruppeiner theory ∆`2 is an invariant quantity and
can be evaluated by different coordinates. Indeed, the
inverse metric, gµνTG, can be written as [40]
gµνTG =
∂2Φ
∂θµ∂θν
, (39)
where the Massieu function Φ is the Legendre transform
of the entropy with respect to the variables θµ:
Φ = S − θµXµ . (40)
Xµ and θµ are conjugate variables defined as
θµ =
∂S
∂Xµ
, Xµ = − ∂Φ
∂θµ
. (41)
For example, if Xµ = (E, P, N, · · · ), then θµ =
(1/T,−V/T,−µ/T, · · · ), where V is the volume, µ the
chemical potential, etc.
Once we have a metric, the next natural step is to
evaluate the Riemann tensor and its contractions, and to
ask for their physical relevance.
For systems depending only on two variables,
(X1, X2), the scalar curvature takes the simple form
RTG =
1
2 g2TG
∣∣∣∣∣∣
S,11 S,12 S,22
S,111 S,112 S,122
S,112 S,122 S,222
∣∣∣∣∣∣ , (42)
where gTG is the determinant of the metric, and the com-
mas indicate standard derivatives, as usual.
One of the most important, widely checked, results of
Ruppeiner geometry concerns the sign of the scalar cur-
vature which is related with the nature of the interaction
occurring in the system.
According to the conventions of Eq. (38) (notice that
one could define the metric as gTGµν ≡ +∂2S/∂Xµ∂Xν ,
thus reversing the sign of RTG), the properties of RTG
are summarized as
• RTG = 0, no interaction;
• RTG > 0, repulsive interaction dominates;
• RTG < 0, attractive interaction dominates.
The magnitude of RTG also bears useful information.
Since this curvature scalar here has units of volume, Rup-
peiner suggested that, at the critical points, it diverges
as the correlation volume, ξd. This is the so-called “inter-
action hypothesis”. In general, one can show that RTG is
a measure of the smallest volume where one can describe
the given subsystem, surrounded by a uniform environ-
ment [8].
Therefore, the scalar curvature is a very useful tool
to study phase transitions, especially when there is no
knowledge of the underlying degrees of freedom, as is the
case of BHs.
IV. STABILITY
A. Extensive thermodynamics
In extensive thermodynamics, stability is defined
through the Hessian of the entropy. Indeed, by consid-
ering for simplicity two systems in thermal contact with
entropy S(M,J) (where M is the mass and J is some
other extensive parameter), a transfer of some mass dM
from the first to the second subsystem, would produce a
new configuration with total entropy given by [11, 19]:
S(M + dM, J) + S(M − dM, J) ≤ 2 S(M,J) . (43)
The differential form of eq. (43) is
H,MM =
∂2S
∂M2
≤ 0 . (44)
Similarly, if one transfers dJ , at fixed mass, from one
subsystem to the other, one gets
H,JJ =
∂2S
∂J2
≤ 0 , (45)
and in the case of transfer of dM and dJ
detH =
∂2S
∂J2
∂2S
∂M2
−
(
∂2S
∂M ∂J
)2
≥ 0 . (46)
7Only two of eqs. (44-46) are independent and the entropy
extensivity is a crucial hypothesis to obtain eq. (43).
Thus, in ordinary thermodynamics the stability can be
achieved by requiring two of eqs. (44-46). This is not
the case for non-extensive systems, such as BHs. How-
ever, before discussing how to infer stability indications
in non-extensive systems, it is useful to recall the con-
nection between stability and Ruppeiner metric.
Ruppeiner metric, defined in eq. (38), is essentially the
opposite of the Hessian of the entropy and a generaliza-
tion of the condition (44-46) for systems with more ex-
tensive variables can be done as follows. Let us consider
a system with entropy S, in thermal contact and in equi-
librium with an environment, of entropy Se. The total
entropy is
Stot = S + Se . (47)
Due to a small fluctuation (∆Xα, ∆Xαe ) away from the
equilibrium values and since for isolated systems energy
conservation requires ∆X = −∆Xe, the maximum en-
tropy condition is equivalent to
∂S
∂Xµ
=
∂Se
∂Xµe
, (48)
and for large environments, the total entropy changes
according to [34]
∆Stot '1
2
(
∂2S
∂Xµ ∂Xν
)
∆Xµ∆Xν =
=− 1
2
gTGµν ∆X
µ∆Xν .
(49)
Therefore, the Gaussian probability to find the state at
Xµ + ∆Xµ, starting from Xµ, is
dP ∝ exp
{
−g
TG
µν
2
∆Xµ ∆Xν
}
dX1 · · · dXµ =
= exp
{
−∆`
2
2
}
dX1 · · · dXµ ,
(50)
where ∆`2 = gTGµν ∆Xµ ∆Xν is the distance between Xµ
and Xµ + ∆Xµ in the thermodynamic manifold.
Eq. (49) allows to easily generalize the conditions of
eqs. (43-45) to systems with more variables. After the
fluctuations ∆Xµ have taken place, the new state is less
stable than the previous one, if and only if its entropy
is smaller than, or equal to, the entropy of the initial
one, so that ∆Stot ≤ 0. This implies that gTGµν must
be a positive definite matrix, that can be studied, e.g.,
through the Sylvester criteria.
B. Stability in non extensive thermodynamics
Without requiring extensiveness of the potentials,
the system stability can be studied by the Poincaré
method [12, 19] which is constructed in analogy with or-
dinary thermodynamics.
Let us consider a system out of equilibrium with en-
tropy Ŝ(Y µ, Xµ), being Xµ = {E, N , · · · } the usual
equilibrium variables (with conjugate variables, θµ, as
discussed in the previous section) and Y µ other variables
characterizing the non equilibrium condition. Clearly,
equilibrium takes place when the system depends only
on Xµ, i.e., when [14, 15, 19]
Y µ = Y µ(Xν) . (51)
These can be regarded as solution of the equilibrium
equations
∂Ŝ
∂Y µ
∣∣∣∣∣
eq
= 0 . (52)
Let us define now some non-equilibrium functions (in the
same way as in eq. (41))
θ̂µ(Y
ν , Xν) ≡ ∂Ŝ
∂Xµ
, (53)
and such that at the equilibrium
θ̂µ(Y
ν , Xν)
∣∣∣∣∣
eq
= θµ(X
ν) . (54)
If one assumes that Y µ can be chosen in such a way
the Hessian of Ŝ is diagonal, the “Poincarè coefficients of
stability” are defined through the equations
λρ(X
µ) ≡ ∂2ρŜ(Y ν(Xµ), Xµ)
∣∣∣∣∣
eq
. (55)
where λρ(Xµ) are the Hessian eigenvalues and an insta-
bility appears if some λρ > 0.
Without any knowledge about the out of equilibrium
function, Ŝ, due to eqs. (52,53), one can link the equilib-
rium variables θµ and Xµ, with the non equilibrium ones
by [19]
∂θµ
∂Xµ
=
(
∂2Ŝ
∂Y µ2
)
eq
−
∑
ρ
1
λρ
(
∂θ̂µ
∂Y ρ
)2
eq
. (56)
The left-hand side involves only equilibrium variables,
while the right-and side contains only the non equilib-
rium ones. Therefore, by previous equation, one obtains
informations on the non equilibrium states if the proper-
ties of the system at equilibrium are known. For example,
if the function θµ = θµ(Xµ) has an inflection point (point
P in fig. 2) and ∂θµ/∂Xµ changes sign, also the right-
hand side of eq. (56) changes its sign. This could be due
to an eigenvalue turning from negative to positive value
(or vice versa), describing a new phase in the stability of
the system.
8Figure 2: Generic plot of a conjugate variable θµ against Xµ,
along an equilibrium sequence. The point P is a turning point.
The upper branch is unstable, while the lower branch can
be either fully stable, or simply more stable than the upper
branch. The sign of the slope also changes at the horizontal
tangent at Q´, but this has no relation with a change of sta-
bility, even if the slope changes sign there. Figure from. [19].
In fact, when at least one of the eigenvalues λρ changes
sign, the Hessian has a zero, and ∂θµ/∂Xµ diverges. This
implies that the plot of θµ(Xν) along the equilibrium
points has a vertical tangent and one can study a change
in stability by inspection of the plot of the equilibrium
functions θµ(Xν).
Moreover, one has to verify which branch is stable and
in ref. [17–19] the following criteria have been suggested:
1) if one can prove the stability of even a single point,
then all the other ones in the same stability sequence are
stable, until the first turning point is reached. After the
turning point the system is unstable;
2) if a stable point is unknown, one can never say any-
thing about the branch with positive slope. Instead, the
branch with negative slope, near the turning point, is
always unstable;
3) changes of stability can only occur at turning points
or bifurcations. Indeed, according to eq. (56), there are
other stability points besides the turning points, since it
is possible that (∂ρθ̂ν)eq = 0 when the sign of λρ changes,
but ∂µθν does not diverge. It can be shown that this can
only happen at a bifurcation point [17–19];
4) a vertical asymptote signals the endpoints (bound-
ary) of the (non)equilibrium sequence and it is not related
to stability.
Finally, there are points where the slope of θµ changes,
but ∂θµ/∂Xµ = 0 (see points Q in figure 2), but they do
not correspond to system instability. These points could
indicate a sign variation in the specific heat, as in the case
of the four dimensional Kerr BH in the microcanonical
ensemble [19]. Therefore, they are stable according to
the Poincaré method, but unstable if one considers the
sign of the specific heat only.
V. STABILITY OF THE SCHWARZSCHILD
(A)DS BH IN CG
A. Stability analysis: specific heat and TG
Usual stability analysis is based on the specific heat
at constant V . Since for (A)dS BH the volume arises as
the conjugate variable of the cosmological constant, we
analogously define the specific heat at constant Γ as
CΓ = T
(
∂S
∂T
)
Γ
=
S (3 S − 2)
2 (3 S − 1) . (57)
Stability can be studied also by the metric gTGµν , requiring
that gTGµν is a definite positive tensor. For a 2×2 matrix,
necessary and sufficient condition is that both the deter-
minant, gTG, and the first element, gTGHH are positive. For
Schwarzschild BH in CG, one has:
gTG =
S6 (1− S)5(3S − 1)
36 pi4 H6 (2− 3 S)4 , (58)
and
gTGHH =
2 (S − 1) S2 (3S − 4)
H2 (3S − 2)3 . (59)
Figure 3 shows the specific heat CΓ (red line), gTG
(continuous black line) and gTG,HH (dotted line) for
Schwarzschild BHs.
Let us recall (see Sec. II B) that Schwarzschild (A)dS
BHs have entropy (greater)smaller than 1 and (posi-
tive)negative H:
• Schwarzschild dS BHs: both methods, the sign
of CΓ in eq. (57), and the request that gTGµν is def-
inite positive, give stable BHs for all values of the
entropy;
• Schwarzschild AdS BHs: the two methods give
opposite outcomes, as according to the sign of CΓ,
they are always stable, while looking at gTG and
gTGHH , they are never stable.
Thus the two methods are in agreement for dS BHs in
the range 2/3 < S < 1, i.e. in a small interval of the
possible values of S. The disagreement in other ranges
of S is not unexpected, though, as discussed in the In-
troduction [19]. Indeed, non-extensivity plays a central
role in BH thermodynamics and, in the next subsection,
the Poincaré method will be applied for both dS and AdS
BHs, in order to overcome these difficulties.
The other information coming from TG are contained
in the Ruppeiner scalar curvature of Schwarzschild (A)dS
BH, which turns out to be
RTG =
5 (4− 3 S) S − 6
2 (3 S − 2) (S − 1)2 (3 S − 1)2 (60)
and is shown in Fig. 4.
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Figure 3: The specific heat (red line), gTG (continuous black
line) and gTG,HH (dotted line) for Schwarzschild BH.
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Figure 4: RTG as a function of S. The dotted line refers
to the range where gravitational interaction has a repulsive
behavior, according to TG, hence we exclude it.
• dS BHs: for dS BHs (that have S < 1) RTG di-
verges at S = 2/3 and 1, as expected according
to the stability analysis and defines the range of
stability where both methods agree.
For S = 2/3 one gets
ΓT = 0 , H = − 1
2(9 pi)2 Γ
, (61)
Λ =
1
(18 pi)2 Γ2
, rh = 18 pi Γ . (62)
For S = 1 one has
ΓT =
1
(48 pi)2
, H = Λ = 0 (63)
rh = 12 pi Γ . (64)
Moreover R changes sign at
S0 =
2
3
(
1 +
√
1
10
)
, (65)
with
Γ0 =
√
35−√10
2 (90pi)
2
1√
Λ0
, (66)
H0 = −
√
35−√10
2
√
Λ0
45 pi
, (67)
T0 =
√
5 +
√
10
60 pi2
√
Λ0 , (68)
and Λ0 > 0.
• AdS BHs: (S > 1) RTG diverges at S = 1 and is
always negative.
According to the usual interpretation of the sign of
RTG, one might conclude that for dS BHs there is a
change in the nature of the interaction of the fundamental
degrees of freedom: repulsive for 2/3 < S < S0, attrac-
tive for S0 < S < 1, where S0 is given in eq. (65). On the
other hand, for AdS BHs, RTG always points to attrac-
tive interaction. Although, in other systems, changes of
sign of RTG have been seen [20–22] near the critical point
(and, although recent general results, on the fundamental
quantum gravitational interaction, indicate a fermionic
nature of such degrees of freedom [61]), we take here the
view that the physical region for Schwarzschild BHs in
conformal gravity requires an entropy greater than the
S0 in eq. (65), in order to have a consistent interpreta-
tion with the attractive nature of the gravitational inter-
action.
Moreover, RTG diverges at S = 1, indicating a phase
transition from a dS BH (S0 < S < 1) to an AdS BH
(S > 1). Assuming that the usual “interaction hypothe-
sis” of TG also holds true for non-extensive systems (i.e.
RTG ∝ ξd at the transition), this is a second-order phase
transition, because the correlation length, ξ, diverges.
B. Stability studied with Poincaré method
Isolated BHs, i.e. those with H as a control parameter,
and Λ and Ξ fixed, are all either stable or unstable. In
fact, in this case, the linear series that corresponds to H
is θ1(H) and there are no vertical tangents.
Change of stability occurs only in two cases (both re-
lated to AdS BHs):
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Figure 5: Plot of H as a function of θ1 = 1/T at Γ =const.
• For BHs in the canonical ensemble, with enthalpy
fluctuations at constant Λ (see figure 5). Indeed,
the linear series of H(θ1) with fixed Λ has a vertical
tangent when Sc = 4/3.
• For BHs with Λ as a control parameter, and fluctu-
ation of θ2 = −Γ/T at fixed θ1 = 1/T (see fig. 6).
The critical point occurs always at Sc = 4/3.
In both cases, the critical point corresponds to a BH
whose enthalpy is (Λ < 0)
Hc =
2
√−Λ
9 pi
, (69)
and with a temperature and Γ variable given by
Tc =
√−Λ
2 pi
, Γc =
1
9 pi
√−Λ . (70)
Thus they are BHs with surface gravity and radius given
by
κc =
1
rc
=
√−Λ . (71)
At this point stability changes from an unstable phase to
a more stable one. According to the Poincaré criteria, the
branch with negative slope (S > 4/3) is always unstable,
but we can say nothing about the cases with positive
slope, except that it is more stable than the previous
one.
VI. COMMENTS AND CONCLUSIONS
We studied the thermodynamics of spherically sym-
metric, neutral and non-rotating black holes in Confor-
mal Gravity. We did so by means of different approaches,
θ1=0.4
θ1=0.6
θ1=0.8
θ1=1
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Figure 6: Plot of θ2 as a function of P at fixed θ1.
trying this way to test the reliability of the methods
themselves, in a context still largely unexplored.
In fact, one such methods is Thermodynamic Geome-
try, an important area of research by itself. We showed
here that it can be applied to Conformal Gravity too,
because all the key thermodynamic variables are insensi-
tive to Weyl scaling. This method focuses on the study
of the concavity of the entropy, with the evaluation of
the corresponding thermodynamic curvature RTG.
The other methods used here are the evaluation of
the specific heat, and the Poincaré method (that is a
method relating equilibrium and out-of-equilibrium ther-
modynamics).
The two stability analyses based on the specific heat,
and on the entropy concavity, agree for dS black holes
in the range of entropy, 2/3 < S < 1, where the Ther-
modynamic Geometry scalar curvature, RTG, diverges
at the boundary. Moreover, Thermodynamic Geometry
predicts a second order phase transition, from a dS black
hole to an AdS black hole, at S = 1, but according to
Poincaré criteria, black holes in Conformal Gravity are
stable or in saddle point for S < 4/3 (and unstable for
S > 4/3). Hence there is no definite answer on whether
such transition takes place.
The non-extensivity of the entropy has a crucial role
in determining the black holes stability in the parametric
space, hence, for this reason, the Poincaré method should
be considered more reliable than other methods.
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Appendix A: Physical parameters
The plot of ΓT from eq. (28), i.e.
(3 S − 1)2 = 1 + (12pi)2 ΓT , (A1)
as a function of S is in figure 1. Since ΓT is not monotonic
with S, one defines two functions, S+ and S−, as
S± =
1±
√
1 + (12pi)
2
ΓT
3
= −4 pi Ψ + 12 pi Γ
r±
, (A2)
where the last equality is due to the Wald formula of
eq. (23), with 1/r± solutions of eq. (18), i.e.
1
r±
=
1 + 12 pi Ψ±
√
1 + (12pi)
2
Γ T
36 pi Γ
. (A3)
Therefore, the event horizon, rh, is given by
rh =

r− , S <
1
3
r+ , S ≥ 1
3
, (A4)
with entropy given by S− and S+ in eq. (A2), respec-
tively. Moreover, looking at the Schwarzschild limit
Ψ = 0, one finds that the solution r− is positive if and
only if the temperature is negative (both for Γ greater
or less than zero). On the contrary, r+ admits both so-
lutions with positive and negative temperature, but Γ is
always positive.
Eq. (32) holds for both pairs, (r−, S−) and (r+, S+).
Conversely, the expressions of the thermodynamic poten-
tials H and Λ as a function of T , Γ and Ψ change. Ξ is
the same for both (r−, S−) and (r+, S+).
Indeed, from eq. (13) one finds that
Λ± =± 1
9
(
1
2 (6pi)
2
Γ2
− T
Γ
)√
1 + (12 pi)
2
Γ T+
+
1
2 (18pi)
2
Γ2
− Ψ
2 (1 + 4 pi Ψ)
3 Γ2
,
(A5)
and the enthalpy turns out to be
H± =± 2
9
(
T − 1
2 (6pi)
2
Γ
) √
1 + (12pi)
2
Γ T−
− 1
(18pi)
2
Γ
− 4 pi Ψ
3
3 Γ
.
(A6)
while the “charge” Ξ is the same in the “−” and in the
“+” branches and holds
Ξ± = Ξ = −2 Ψ (1 + 6 pi Ψ)
3 Γ
. (A7)
In conclusion:
• BHs with entropy 0 < S < 1/3 can have positive or
negative Γ and T , but ΓT < 0. They are described
by rh = r−, have entropy S = S−, Λ = Λ− and
H = H−. The Schwarzschild BHs in this range
have positive Γ and negative T ;
• BHs with entropy 1/3 < S < 2/3 have positive Γ,
but negative T . They are described by rh = r+,
have entropy S = S+, Λ = Λ+ and H = H+;
• BHs with entropy S > 2/3 have positive tempera-
ture and Γ > 0. They have event horizon given by
rh = r+, entropy S = S+, Λ = Λ+ and H = H+.
Appendix B: Negative αW
If αW is negative, one defines
− S
2piαW
7→ S , (B1)
in order to have a positive S. The relation between S, Λ
and H now becomes
Λ
[
(S + 1) S2 − 32pi3Ψ3]2 =
= 12pi2H2
[
(S + 1)S2 + 16pi2Ψ2(4piΨ− 1)] . (B2)
The Schwarzschild solution reads
Λ(S + 1) S2 = 12pi2H2 , (B3)
and thus, since S > 0, Weyl gravity with αW < 0 does
not admit AdS Schwarzschild BHs.
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